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ON THE RANGE OF THE ATTENUATED MAGNETIC RAY
TRANSFORM FOR CONNECTIONS AND HIGGS FIELDS
GARETH AINSWORTH AND YERNAT M. ASSYLBEKOV
Abstract. For a two-dimensional simple magnetic system, we study the at-
tenuated magnetic ray transform IA,Φ, with attenuation given by a unitary
connection A and a skew-Hermitian Higgs field Φ. We give a description for
the range of IA,Φ acting on C
n-valued tensor fields.
1. Introduction
1.1. Magnetic flows. Consider a compact oriented Riemannian manifold (M, g)
with boundary. Let π : TM → M denote the canonical projection, π : (x, v) 7→ x,
x ∈ M , v ∈ TxM . Denote by ω0 the canonical symplectic form on TM , which is
obtained by pulling back the canonical symplectic form of T ∗M via the Riemannian
metric. Let H : TM → R be defined by
H(x, v) =
1
2
|v|2g(x), (x, v) ∈ TM.
The Hamiltonian flow of H with respect to ω0 gives rise to the geodesic flow of
(M, g). Let Ω be a closed 2-form on M and consider the new symplectic form ω
defined as
ω = ω0 + π
∗Ω.
The Hamiltonian flow of H with respect to ω gives rise to the magnetic geodesic
flow ϕt : TM → TM . This flow models the motion of a unit charge of unit mass in
a magnetic field whose Lorentz force Y : TM → TM is the bundle map uniquely
determined by
Ωx(ξ, η) = 〈Yx(ξ), η〉
for all x ∈ M and ξ, η ∈ TxM . Every trajectory of the magnetic flow is a curve
on M called a magnetic geodesic. Magnetic geodesics satisfy Newton’s law of
motion
∇γ˙ γ˙ = Yγ(γ˙). (1)
Here ∇ is the Levi-Civita connection of g. The triple (M, g,Ω) is said to be a
magnetic system. In the absence of a magnetic field, that is Ω = 0, we recover
the ordinary geodesic flow and ordinary geodesics. Note that magnetic geodesics
are not time reversible, unless Ω = 0. Note also that magnetic geodesics have
constant speed, and hence are restricted to a specific energy level - we will consider
the magnetic flow on the unit sphere bundle SM = {(x, v) ∈ TM : |v| = 1}. This
is not a restriction at all from a dynamical point of view, since other energy levels
may be understood by simply changing Ω to cΩ, where c ∈ R.
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Magnetic flows were first considered in [2, 3] and it was shown in [4, 13, 17, 18,
19, 21] that they are related to dynamical systems, symplectic geometry, classical
mechanics and mathematical mechanics. Inverse problems related to magnetic flows
were studied in [1, 6, 7]
Let Λ stand for the second fundamental form of ∂M and ν(x) for the inward unit
normal to ∂M at x. We say that ∂M is strictly magnetic convex if
Λ(x, ξ) > 〈Yx(ξ), ν(x)〉 (2)
for all (x, ξ) ∈ S(∂M). Note that if we replace ξ by −ξ, we can put an absolute
value in the right-hand side of (2). In particular, magnetic convexity is stronger
than the Riemannian analogue.
For x ∈ M , we define the magnetic exponential map at x to be the partial
map expµx : TxM →M given by
expµx(tξ) = π ◦ ϕt(ξ), t ≥ 0, ξ ∈ SxM.
In [6] it is shown that, for every x ∈M , expµx is a C
1-smooth partial map on TxM
which is C∞-smooth on TxM \ {0}.
Definition 1.1. We say that a magnetic system (M, g,Ω) is a simple magnetic
system if ∂M is strictly magnetic convex and the magnetic exponential map expµx :
(expµx)
−1(M)→M is a diffeomorphism for every x ∈M .
In this caseM is diffeomorphic to the unit ball of Euclidean space, and therefore
Ω = dα for some 1-form α on M . We will denote such a simple magnetic system by
(M, g, α). This definition is a generalization of the notion of a simple Riemannian
manifold. The latter naturally arose in the context of the boundary rigidity problem
[16]. Throughout this paper we only consider simple magnetic systems.
1.2. Attenuated magnetic ray transform for a unitary connection and
Higgs field. We consider a unitary connection and a skew-Hermitian Higgs field
on the trivial bundle M×Cn. We define a unitary connection as a matrix-valued
smooth map A : TM → u(n) which for fixed x ∈M is linear in v ∈ TxM , and define
a skew-Hermitian Higgs field as a matrix-valued smooth map Φ : M → u(n).
The connection A induces a covariant derivative which acts on sections of M ×Cn
by dA := d+A. Saying A is unitary means the following holds for the inner product
of sections s1, s2 of M × C
n
d(s1, s2) = (dAs1, s2) + (s1, dAs2).
Pairs of unitary connections and skew-Hermitian Higgs fields (A,Φ) are very impor-
tant in the Yang-Mills-Higgs theories, since they correspond to the most popular
structure groups U(n) or SU(n), see [8, 9, 14, 15].
On the boundary of M , we consider the set of inward and outward unit vectors
defined as
∂+SM = {(x, v) ∈ SM : x ∈ ∂M, 〈v, ν(x)〉 ≥ 0},
∂−SM = {(x, v) ∈ SM : x ∈ ∂M, 〈v, ν(x)〉 ≤ 0},
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where ν is the unit inner normal to ∂M . The magnetic geodesics entering M can
be parametrized by ∂+SM . We say that a magnetic system (M, g,Ω) is non-
trapping if for any (x, v) ∈ SM the time τ+(x, v) when the magnetic geodesic γx,v,
with x = γx,v(0), v = γ˙x,v(0), exits M is finite. In particular, simple magnetic
systems are non-trapping [6].
Let Gµ denote the generating vector field of the magnetic flow ϕt. Given f ∈
C∞(SM,Cn), consider the following transport equation for u : SM → Cn
Gµu+Au+Φu = −f in SM, u
∣∣
∂−SM
= 0.
Here A and Φ act on functions on SM by matrix multiplication. This equation has
a unique solution uf , since on any fixed magnetic geodesic the transport equation
is a linear system of ODEs with zero initial condition.
Definition 1.2. The attenuated magnetic ray transform of f ∈ C∞(SM,Cn),
with attenuation determined by a unitary connection A : TM → u(n) and a skew-
Hermitian Higgs field Φ :M → Cn, is given by
IA,Φf := u
f
∣∣
∂+SM
.
It is clear that a general function f ∈ C∞(SM,Cn) cannot be determined by its
attenuated magnetic ray transform, since f depends on more variables than IA,Φf .
Moreover, one can easily see that the functions of the following type are always in
the kernel of IA,Φ
(Gµ +A+Φ)u, u ∈ C
∞(SM,Cn), u
∣∣
∂(SM)
= 0. (3)
However, in applications one often needs to invert the transform IA,Φ acting on
functions on SM arising from symmetric tensor fields. Further, we will consider
this particular case.
Let f = fi1··· imdx
i1 ⊗ · · · ⊗ dxim be a Cn-valued, smooth symmetric m-tensor
field on M . Then a tensor field induces a smooth function fm ∈ C
∞(SM,Cn) by
fm(x, v) = fi1··· im(x) v
i1 · · · vim .
We denote by C∞(Sm(M),C
n) the bundle of smooth Cn-valued, (covariant) sym-
metricm-tensor fields onM . Whenm = 1, we also use the notationC∞(Λ1(M),Cn).
By ImA,Φ we denote the following operator
ImA,Φf := IA,Φfm, f ∈ C
∞(Sm(M),C
n).
We will frequently identify the tensor field f ∈ C∞(Sm(M),C
n) with the corre-
sponding function fm ∈ C
∞(SM,Cn). Note that I0A,Φ has domain C
∞(M,Cn).
1.3. Structure of the paper. In this paper we give a description for the functions
in C∞(∂+SM,C
n) which are in the range of IA,Φ. For the description we use the
following boundary data: the scattering relation (see Section 2.1), the scattering
data of the pair (A,Φ) (see Section 2.2) and the fibrewise Hilbert transform at the
boundary (see Section 2.5). The structure of the paper is as follows. In Section 2
we recall some facts and definitions from [1, 25] that will be used in our paper.
A description of the range of the ray transform acting on higher order tensors is
given in Section 3, based on Theorem 2.1. In Section 4 we discuss the surjectivity
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properties of the adjoint of the attenuated ray transform. Finally, in Section 5 we
give the proof of Theorem 2.1.
2. Preliminaries
2.1. Scattering relation. Let (M, g, α) be a simple magnetic system. For (x, ξ) ∈
SM , we denote by γx,ξ the magnetic geodesic onM such that γx,ξ(0) = x, γ˙x,ξ(0) =
ξ. By τ+(x, ξ) and τ−(x, ξ) we denote the nonnegative and nonpositive times,
respectively, when γx,ξ exits M . Simplicity of (M, g, α) implies that τ+ and τ− are
continuous on SM and smooth on SM \S(∂M). Furthermore, from [6, Lemma 2.3]
we also have that τ+
∣∣
∂+SM
and τ−
∣∣
∂−SM
are smooth.
The scattering relation S : ∂+SM → ∂−SM is defined as
S(x, ξ) := (ϕτ+(x,ξ)(x, ξ)) = (γx,ξ(τ+(x, ξ)), γ˙x,ξ(τ+(x, ξ))).
From the above comments on τ+, we conclude that the scattering relation S is a
smooth map.
For a given w ∈ C∞(∂+SM,C
n), the transport equation
Gµu = 0 in SM, u
∣∣
∂+SM
= w
has the solution u = wψ := w ◦ S
−1 ◦ ψ where ψ : SM → ∂−SM is the end point
map ψ(x, ξ) := ϕτ+(x,ξ)(x, ξ).
2.2. Scattering data of a unitary connection and skew-Hermitian Higgs
field. Let UA,Φ : SM → U(n) be the unique solution of the transport equation
GµUA,Φ + (A+Φ)UA,Φ = 0 in SM, UA,Φ
∣∣
∂+SM
= Id .
The map CA,Φ : ∂−SM → U(n) defined by CA,Φ := UA,Φ
∣∣
∂−SM
is called the
scattering data of the pair (A,Φ). If G : M → U(n) is a smooth map such that
G
∣∣
∂M
= Id, then it is not difficult to check that the pair (G−1dG+G−1AG, G−1ΦG)
has the same scattering data. It was proved in [1] that (A,Φ) can be determined
by the scattering data CA,Φ up to such a gauge equivalence.
Now, for a given w ∈ C∞(∂+SM,C
n) consider the unique solution w♯ : SM →
Cn to the transport equation
Gµw
♯ +Aw♯ +Φw♯ = 0 in SM, w♯
∣∣
∂+SM
= w.
Observe that w♯(x, v) = UA,Φ(x, v)wψ(x, v). Using the scattering relation S and
the scattering data CA,Φ, we introduce the operator
QA,Φ : C(∂+SM,C
n)→ C(∂(SM),Cn)
defined by
QA,Φw(x, v) :=
{
w(x, v) (x, v) ∈ ∂+SM,
CA,Φ(x, v) (w ◦ S
−1)(x, v) (x, v) ∈ ∂−SM.
Then clearly w♯
∣∣
∂(SM)
= QA,Φw(x, v). The space of those w for which w
♯ is smooth
in SM is denoted by
S∞A,Φ(∂+SM,C
n) = {w ∈ C∞(∂+SM,C
n) : w♯ ∈ C∞(SM,Cn)}.
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This space was characterized in [1, Lemma 4.2] in terms of the operator QA,Φ as
follows:
S∞A,Φ(∂+SM,C
n) = {w ∈ C∞(∂+SM,C
n) : QA,Φw ∈ C
∞(∂(SM),Cn)}.
Using the fundamental solution UA,Φ, we can also give an integral expression for
the ray transform. Recall IA,Φf := u
f
∣∣
∂+SM
where uf is the unique solution to
Gµu+Au +Φu = −f in SM, u|∂−SM = 0.
Note that U−1A,Φ solves GµU
−1
A,Φ − U
−1
A,Φ(A + Φ) = 0. Therefore, Gµ(U
−1
A,Φu
f ) =
−U−1A,Φf . Integrating from 0 to τ+(x, v) for (x, v) ∈ ∂+SM we obtain the following
expression
uf (x, v) =
∫ τ+(x,v)
0
U−1A,Φ(ϕt(x, v))f(ϕt(x, v)) dt.
2.3. Geometry and Fourier analysis on SM . SinceM is assumed to be oriented
there is a circle action on the fibres of SM with infinitesimal generator V called
the vertical vector field. Let X denote the generator of the geodesic flow of g. We
completeX,V to a global frame of T (SM) by defining the vector field X⊥ := [V,X ],
where [·, ·] is the Lie bracket for vector fields. It is easy to see that the generator of
magnetic flow ϕt can be expressed in terms of the global frame (X,X⊥, V ) in the
following form
Gµ = X + λV,
where λ is the unique function satisfying Ω = λdVolg with dVolg being the area
form of M .
For any two functions u, v : SM → Cn define an inner product:
〈u, v〉 =
∫
SM
(u, v)Cn dΣ
3,
where dΣ3 is the Liouville measure of g on SM . The space L2(SM,Cn) decomposes
orthogonally as a direct sum
L2(SM,Cn) =
⊕
k∈Z
Ek
where Ek is the eigenspace of −iV corresponding to the eigenvalue k. Any function
u ∈ C∞(SM,Cn) has a Fourier series expansion
u =
∞∑
k=−∞
uk,
where uk ∈ Ωk := C
∞(SM,Cn)∩Ek. A function on SM whose Fourier coefficients
are trivial whenever |k| > m is said to be of degree m.
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2.4. Some elliptic operators of Guillemin and Kazhdan. Now we introduce
the following first order elliptic operators due to Guillemin and Kazhdan [10]
η+, η− : C
∞(SM,Cn)→ C∞(SM,Cn)
defined by
η+ :=
1
2
(X + iX⊥), η− :=
1
2
(X − iX⊥).
By the commutation relations [−iV, η+] = η+ and [−iV, η−] = −η− we see that
η+ : Ωk → Ωk+1, η− : Ωk → Ωk−1.
We will use these operators in the last two sections.
2.5. Fibrewise Hilbert transform. An important tool in our approach is the
fibrewise Hilbert transform H : C∞(SM,C)→ C∞(SM,C), which we define in
terms of Fourier coefficients as
H(uk) = − sgn(k)iuk,
where we use the convention sgn(0) = 0. Moreover, H(u) =
∑
kH(uk). Note that
(Id+iH)u = u0 + 2
∞∑
k=1
uk, (Id−iH)u = u0 + 2
−1∑
k=−∞
uk.
The following commutator formula, which was derived by Pestov and Uhlmann
in [26] and generalized in [1, 25], will play an important role.
[H,Gµ +A+Φ]u = (X⊥ + ⋆A)u0 + ((X⊥ + ⋆A)u)0 , u ∈ C
∞(SM,C). (4)
This formula has been frequently used in recent works on inverse problems, see
[23, 24, 25, 26, 27, 29].
2.6. Range description. Given w ∈ C∞(∂+SM,C
n) we define w♯ to be the
unique solution to transport equation
Gµw
♯ +Aw♯ +Φw♯ = 0, w♯|∂+SM = w.
Moreover, we define S∞A,Φ(∂+SM,C
n) to be the set of all w ∈ C∞(∂+SM,C
n) such
that w♯ is smooth.
We introduce the operator BA,Φ : C(∂(SM),C
n)→ C(∂+SM,C
n) defined by
BA,Φa := [(C
−1
A,Φa) ◦ S − a]
∣∣
∂+SM
.
Let a be a smooth function and f = (Gµ +A+Φ)a. Suppose that u
f solves
Gµu+ (A+Φ)u = −f
with u
∣∣
∂−SM
= 0. Then clearly Gµ(u
f + a) + (A + Φ)(uf + a) = 0. Since (uf +
a)
∣∣
∂−SM
= a
∣∣
∂−SM
we deduce that
IA,Φ((Gµ +A+Φ)a) = u
f
∣∣
∂+SM
= [(C−1A,Φa) ◦ S − a]
∣∣
∂+SM
= BA,Φ(a
∣∣
∂(SM)
).
Next we introduce the operator P : S∞A,Φ(∂+SM,C
n)→ C∞(∂+SM,C
n) defined
by PA,Φ := BA,ΦHQA,Φ. Clearly the operator P is completely determined by the
scattering relation S and scattering data CA,Φ.
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Recall a connection A induces an operator dA, acting on C
n-valued differential
forms on M by the formula dAα = dα + A ∧ α. By d
∗
A we denote the dual of dA
with respect to L2-norm on the space of forms. Then it is not difficult to check
that d∗A = − ⋆ dA⋆. We use the notation HA for the space of all 1-forms η with
dAη = d
∗
Aη = 0 and 
∗η = 0 where  : ∂M →M is the inclusion map. The elements
of this space are called A-harmonic forms. Note that HA is a finite dimensional
space, since the equations defining HA are an elliptic system with regular boundary
condition, see [31, Section 5.11]. Since M is a disk, we have HA = 0 whenever
A = 0.
We can now state our main result.
Theorem 2.1. Let (M, g, α) be a two-dimensional simple magnetic system, A a
unitary connection and Φ a skew-Hermitian Higgs field. Then a function u ∈
C∞(∂+SM,C
n) belongs to the range of I0A,Φ + I
1
A,Φ if and only if
u = PA,Φw + I
1
A,Φη
for some w ∈ S∞A,Φ(∂+SM,C
n) and for some η ∈ HA.
Theorem 2.1 was proved by Paternain, Salo and Uhlmann [23] in the case of the
geodesic flow. This was used to give a description of the range of unattenuated
geodesic ray transform acting on higher order tensors. For the characterization of
the range of the ray transform on higher order tensors our main result is stated in
Section 3: Theorem 3.2.
The crucial difficulty when one deals with a magnetic field or Higgs field is the
fact that the concomitant transport equation couples different Fourier components.
Even if one restricts oneself to the geodesic case, by adding a Higgs field this dif-
ficulty already presents an obstacle to the approach of [23]. The key idea that is
utilized to overcome this, and which represents the major contribution of this paper,
is a result on the “simultaneous” surjectivity of the adjoints of the ray transform
I0A,Φ and I
1
A,Φ - this is made precise in Theorem 4.1. This theorem relies upon
considering the ray transform restricted to domains on which it is genuinely injec-
tive, namely Ω0 ⊕ Ω1 and Ω−1 ⊕ Ω0, and then patching solutions together. One
should not directly consider the ray transform restricted to Ω−1⊕Ω0⊕Ω1 because
the kernel of the ray transform on this domain has a natural obstruction, and in
particular, is not identically 0.
3. Range characterization for higher order tensors
Let κ denote the canonical line bundle of M , whose complex structure is that
induced by its metric g. For k ∈ N we denote by Γ(M,κ⊗k) the set of k-th tensor
power of canonical line bundle. It was explained in [22, Section 2] the set Γ(M,κ⊗k)
can be identified with Ωk. Roughly speaking, for a given ξ ∈ Γ(M,κ
⊗k) we obtain
a corresponding function on Ωk via the one-to-one map SM ∋ (x, v) 7→ ξx(v
⊗k).
Since M is a disk, there is a nonvanishing ξ ∈ Γ(M,κ). Define a function
h : SM → S1 by setting h(x, v) := ξx(v)/|ξx(v)|, and hence h ∈ Ω1. For the
description of the range of IA,Φ on higher order tensors we use the following unitary
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connection Ah := −h
−1Xh Id and skew-Hermitian Higgs field Φλ := −iλ Id. Then
it is easy to see that Ah and Φλ satisfy
−h−1Gµh Id = Ah + Φλ.
We start with characterizing the range of attenuated magnetic ray transform
IA,Φ restricted to Ωm−1 ⊕ Ωm ⊕ Ωm+1:
I±m,A,Φ := IA,Φ|Ωm−1⊕Ωm⊕Ωm+1 : Ωm−1 ⊕ Ωm ⊕ Ωm+1 → C
∞(∂+SM,C).
Consider f+f ′+f ′′ ∈ Ωm−1⊕Ωm⊕Ωm+1. Let u be the solution of (Gµ+A+Φ)u =
−(f + f ′ + f ′′) with u|∂−SM = 0. Then h
−mu solves
(Gµ +A+Φ−mAh −mΦλ)h
−mu = −h−m(f + f ′ + f ′′), h−mu|∂−SM = 0.
Since f + f ′+ f ′′ ∈ Ωm−1⊕Ωm⊕Ωm+1 and h
m ∈ Ωm, we have h
−m(f + f ′+ f ′′) ∈
Ω−1 ⊕ Ω0 ⊕ Ω1. Therefore
I0A−mAh,Φ−mΦλ(h
−mf ′) + I1A−mAh,Φ−mΦλ(h
−mf + h−mf ′′)
= (h−m|∂+SM )I
±
m,A,Φ(f + f
′ + f ′′). (5)
The range of the left hand side of (5) was described in Theorem 2.1. Thus we
directly conclude the following result.
Theorem 3.1. Let (M, g, α) be a simple two-dimensional magnetic system, A a
unitary connection and Φ a skew-Hermitian Higgs field. Then a function u ∈
C∞(∂+SM,C) belongs to the range of I
±
m,A,Φ if and only if
u = (hm|∂+SM )
(
PA−mAh,Φ−mΦλ(w) + I
1
A−mAh,Φ−mΦλη
)
for some w ∈ S∞A−mAh,Φ−mΦλ(∂+SM,C) and η ∈ HA−mAh .
Recall that, according to [24, Section 2], there is a one-to-one correspondence
between C∞(Sm(M),C
n) and a subspace of the set of functions on SM of the form
f =
∑m
k=−m fk, fk ∈ Ωk. For functions of finite degree such as this, we have
IA,Φ(f) =
[(m+1)/3]∑
k=−[(m+1)/3]
I±3k,A,Φ (f3k−1 + f3k + f3k+1) .
Therefore, using this and Theorem 3.1, we obtain our second main result of the
current paper.
Theorem 3.2. Let (M, g, α) be a simple two-dimensional magnetic system, A a
unitary connection and Φ a skew-Hermitian Higgs field. Then a function u ∈
C∞(∂+SM,C
n) belongs to the range of
IA,Φ
∣∣
Ω−m⊕···⊕Ωm
if and only if there are w3k ∈ S
∞
A−3kAh,Φ−3kΦλ
(∂+SM,C) and η3k ∈ HA−3kAh for
all k = −[(m+ 1)/3], ...1, . . . , [(m+ 1)/3] such that
u =
[(m+1)/3]∑
k=−[(m+1)/3]
(
h3k|∂+SM )
(
PA−3kAh,Φ−3kΦλ(w3k) + I
1
A−3kAh,Φ−3kΦλ
η3k
))
.
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4. Surjectivity properties of IA,Φ
Let dΣ2 be the volume form on ∂(SM). In the space of Cn-valued functions on
∂+SM define the inner product
〈h, h′〉µ =
∫
∂+SM
(h, h′)Cn dµ(x, v)
where dµ(x, v) = 〈v, ν(x)〉dΣ2(x, v). Denote the corresponding Hilbert space by
L2µ(∂+SM,C
n). As in [23], using the integral representation for IA,Φ and Santalo´
formula [6, Lemma A.8], one can show that IA,Φ can be extended to a bounded
operator IA,Φ : L
2(SM,Cn)→ L2µ(∂+SM,C
n). In [23] it is shown that
(IA,Φ)
∗
h =
(
U−1A,Φ
)∗
hψ (6)
The formula there is stated for geodesic flows with no attenuating Higgs field, how-
ever, the proof extends immediately to our case. Moreover, if ik : Ek → L
2(SM,Cn)
denotes the usual inclusion, then
(IA,Φ ◦ ik)
∗
h =
((
U−1A,Φ
)∗
hψ
)
k
, (7)
where the final subscript denotes orthogonal projection onto Ek. Since we only deal
with unitary connections and skew-Hermitian Higgs fields we have
(
U−1A,Φ
)∗
= UA,Φ,
and the formulas simplify. The identifications of E0 and L
2(M,Cn), and E−1 ⊕E1
and L2(Λ1(M),Cn) mean that the adjoints we are concerned with differ from those
above by the following constants
(
I0A,Φ
)∗
h = 2π (UA,Φhψ)0 (8)(
I1A,Φ
)∗
h = π (UA,Φhψ)−1 + π (UA,Φhψ)1 (9)
see [23, Remark 5.2]. Below, we give an explicit calculation for the adjoint of
I1A,Φ : L
2(Λ1(M),Cn)→ L2µ(∂+SM,C
n).
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To this end let β be a Cn-valued 1-form and h ∈ L2µ(∂+(SM),C
n).〈
I1A,Φβ, h
〉
µ
=
∫
∂+(SM)〈∫ τ+(x,v)
0
U−1A,Φ(ϕt(x, v))β(ϕt(x, v))dt, h(x, v)
〉
Cn
dµ(x, v)
=
∫
∂+(SM)
∫ τ+(x,v)
0〈
U−1A,Φ(ϕt(x, v))β(ϕt(x, v)), hψ(ϕt(x, v))
〉
Cn
dtdµ(x, v)
=
∫
SM
〈
U−1A,Φ(x, v)β(x, v), hψ(x, v)
〉
Cn
dΣ3(x, v)
=
∫
SM
〈
β(x, v),
(
U−1A,Φ(x, v)
)∗
hψ(x, v)
〉
Cn
dΣ3(x, v)
=
∫
M
∫
SxM
〈
β(x, v),
(
U−1A,Φ(x, v)
)∗
hψ(x, v)
〉
Cn
dSx(v)dVolg(x)
=
∫
M
∫
SxM
〈
βi(x)v
i,
(
U−1A,Φ(x, v)
)∗
hψ(x, v)
〉
Cn
dSx(v)dVolg(x)
=
∫
M
〈
βi(x),
∫
SxM
vi
(
U−1A,Φ(x, v)
)∗
hψ(x, v)dSx(v)
〉
Cn
dVolg(x)
Hence,
(I1A,Φ)
∗(h)(x)
=
∫
SxM
v1UA,Φ(x, v)hψ(x, v)dSx(v)ǫ1 +
∫
SxM
v2UA,Φ(x, v)hψ(x, v)dSx(v)ǫ2,
where {e1, e2} is an orthonormal frame for the tangent bundle and {ǫ1, ǫ2} is its
dual frame. The aim of the rest of this section is to prove the following analogue of
[23, Theorems 5.4 & 5.5].
Theorem 4.1. Let (M, g, α) be a two-dimensional simple magnetic system, A a
unitary connection and Φ a skew-Hermitian Higgs field. Suppose one is given f ∈
C∞(M,Cn) and a Cn-valued 1-form ω. Then there exists w ∈ S∞A,Φ(∂+(SM),C
n)
such that (I0A,Φ)
∗(w) = f and (I1A,Φ)
∗(w) = ω iff the following equality is satisfied
d∗Aω = 2Φf .
4.1. Surjectivity of adjoints. Recall that for our oriented Riemannian surface
(M, g) we have
L2(SM,Cn) =
⊕
k∈Z
Ek,
RANGE OF THE ATTENUATED MAGNETIC RAY TRANSFORM 11
where Ek is the k-eigenspace for −iV . We also have Ωk := C
∞(SM,Cn) ∩ Ek. We
introduce here some more notation to specify such spaces for manifolds other than
M .
Let W be an oriented Riemannian surface. We have the following decomposition
L2(SW,Cn) =
⊕
k∈Z
EWk ,
whereEWk is the k-eigenspace for−iV . We define C
∞(Wk⊕Wl,C
n) := C∞(SW,Cn)∩(
EWk ⊕ E
W
l
)
. Note that C∞(Mk ⊕Ml,C
n) = Ωk ⊕ Ωl.
For this section I0,1A,Φ will denote the ray transform with domain E0 ⊕ E1. We
have
NA,Φ := I
∗
A,ΦIA,Φ : L
2(SM,Cn)→ L2(SM,Cn),
and similarly
N0,1A,Φ := (I
0,1
A,Φ)
∗I0,1A,Φ : E0 ⊕ E1 → E0 ⊕ E1.
Below we extend M to a slightly larger manifold M˜ . The notation I˜0,1A,Φ will denote
the ray transform with domain EM˜0 ⊕ E
M˜
1 , and N˜
0,1
A,Φ := (I˜
0,1
A,Φ)
∗I˜0,1A,Φ.
For the proof of Theorem 4.1 we need the following:
Proposition 4.2. For given f ∈ Ω0 and η ∈ Ω1, there is u ∈ C
∞(SM,Cn) such
that (Gµ +A+Φ)u = 0 and u0 = f , u1 = η.
Proof. We follow ideas from [7]. Embed M into the interior of a compact surface
with boundary M˜ , extend g and α to M˜ , choosing (M˜, g, α) to be sufficiently close
to (M, g, α) so that it remains simple. We also assume that A and Φ are extended
unitarily to M˜ , and we’ll keep the same notations for the extensions. Let rM denote
the restriction operator from M˜ to M . The following is true:
Lemma 4.3. The operator
rM N˜
0,1
A,Φ : C
∞
c (M˜
int
0 ⊕ M˜
int
1 ,C
n)→ C∞(M0 ⊕M1,C
n)
is surjective.
Assuming this lemma we prove Proposition 4.2. Suppose [f, η] ∈ C∞(M0 ⊕
M1,C
n). By Lemma 4.3 there exists [h, β] ∈ C∞c (M˜
int
0 ⊕ M˜
int
1 ,C
n) such that
[f, η] = rM N˜
0,1
A,Φ[h, β] = rM (I˜
0,1
A,Φ)
∗I˜0,1A,Φ[h, β].
Recall, U˜A,Φ solves
(Gµ +A+Φ)U˜A,Φ = 0, U˜A,Φ
∣∣
∂+(SM˜)
= Id .
Now define
w˜(x, v) :=
∫ τ˜+(x,v)
τ˜−(x,v)
U˜−1A,Φ(γx,v(t), γ˙x,v(t))
[
h(γx,v(t)) + βi(γx,v(t))γ˙
i
x,v(t)
]
dt.
Here τ˜+(x, v) is the unique time t ≥ 0 when the geodesic γx,v(t) hits the boundary
∂M˜ , and τ˜−(x, v) is the unique time t ≤ 0 when the geodesic γx,v(t) hits the
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boundary ∂M˜ . Define w′ := w˜
∣∣
∂+(SM)
and note that w˜ ∈ C∞(SM˜,Cn). Now from
the definition one may check that
I˜0,1A,Φ[h, β] = w˜
∣∣
∂+(SM˜)
.
Using the formula for the adjoint (6) we obtain,
rM (I˜
0,1
A,Φ)
∗I˜0,1A,Φ[h, β] =
[
U˜A,Φw˜
]
0,1
∣∣∣
SM
.
Therefore,
[f, η] = rM (I˜
0,1
A,Φ)
∗I˜0,1A,Φ[h, β]
=
[
U˜A,Φw˜
]
0,1
∣∣∣
SM
=(I0,1A,Φ)
∗
(
U˜A,Φ
∣∣
∂+(SM)
w′
)
By defining w := U˜A,Φ
∣∣
∂+(SM)
w′ we have proven our theorem. 
Remark 4.4. The last step above requires one to understand that the two solutions
to the transport equation on SM and SM˜ are related as follows
U˜A,Φ(x, v) = UA,Φ(x, v)
(
U˜A,Φ
∣∣
∂+(SM)
)
ψ
(x, v) ∀(x, v) ∈ SM. (10)
To check this one first shows that R := U−1A,ΦU˜A,Φ is invariant under the flow.
Furthermore,
U˜A,Φ
∣∣
∂+(SM)
= R
∣∣
∂+(SM)
.
Therefore, R =
(
U˜A,Φ
∣∣
∂+(SM)
)
ψ
, which is equivalent to (10).
Finally, we must prove Lemma 4.3.
Proof of Lemma 4.3. Step 1. Let [f, η] ∈ C∞(M˜0⊕M˜1,C
n). Suppose that I˜0,1A,Φ[f, η] =
0, this implies the existence of u satisfying
(Gµ +A+Φ)u = −f − η, u
∣∣
∂(SM˜)
= 0.
Moreover, from [1], u ≡ u0, so dAu = −η and Φu = −f . Defining ∂¯A := dA− i ⋆ dA,
we see that η ∈ Ω1 implies that ∂¯Au = 0. Now because M˜ has global coordinates
we have that there exists a smooth map F : M˜ → GL(n,C) such that F−1∂(F ·) =
∂A(·) (see [12, Proposition 3.7]), and so each component of Fu ∈ C
∞(M˜,Cn) is
a holomorphic function. Thus, Fu
∣∣
∂M˜
= 0 implies that u ≡ 0, and consequently
f = 0 and η = 0.
Step 2. We seek to compute the principal symbol of N˜0,1A,Φ and see that it is an
elliptic pseudodifferential operator of order −1 in M˜ int.
Let [f, η] ∈ EM˜0 ⊕ E
M˜
1 . Then we have N˜
0,1
A,Φ : E
M˜
0 ⊕ E
M˜
1 → E
M˜
0 ⊕ E
M˜
1 and we
introduce the following notation
N˜0,1A,Φ[f, η] =
[
N˜00A,Φf + N˜
01
A,Φη, N˜
10
A,Φf + N˜
11
A,Φη
]
.
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The analysis of this operator is relegated to Section 4.2, wherein it is shown that
N˜0,1A,Φ is a pseudodifferential operator of order −1 in M˜
int whose principal symbols
are given by
σP
(
N˜00A,Φ
)
(x, ξ) = diag
{
C
1
|ξ|
}
,
σP
(
N˜01A,Φ
)
(x, ξ) = diag {0} ,
σP
(
N˜10A,Φ
)
(x, ξ) = diag {0} ,
σP
(
N˜11A,Φ
)
(x, ξ) = diag
{
C
2
1
|ξ|
}
,
for some constant C > 0. Note, in particular, the operator is elliptic.
Step 3. We achieve surjectivity on Sobolev spaces using the injectivity and
ellipticity established above, closely following the proof of [29, Lemma 4.5] and [28,
Proposition 4.5]. (M, g, α) sits inside the larger simple magnetic system (M˜, g, α).
Now embed (M˜, g, α) into a compact oriented Riemannian surface W , without
boundary, with a magnetic field which restricts to α. Extend all of the attenuations
smoothly to W , keeping them unitary. Choose a finite atlas for W consisting of
open sets {Uk} each of whose closure is a simple magnetic system, and choose
a partition of unity {φk} subordinate to this atlas. Without loss of generality
the open set of the first chart is given by M˜ int, and the corresponding function
from the partition of unity φ1 is identically 1 on M . We introduce the notation
Hs(W0 ⊕W1) := H
s(SW ) ∩
(
EW0 ⊕ E
W
1
)
for Sobolev spaces and D′(W0 ⊕W1) for
distributions, that is, continuous linear functionals on C∞(W0 ⊕W1,C
n). We will
use similar notation for the analogous spaces for M and M˜ int below. Now define
an operator P with domain D′(W0 ⊕W1) as follows
P (h) =
∑
k
φk(Nk)
0,1
A,Φ (φkh) .
Note that this acts on distributions via duality. In the formula above, for each k,
(Nk)
0,1
A,Φ is the operator (I
0,1
A,Φ)
∗I0,1A,Φ that is associated with the k
th open set in the
atlas. By construction (N1)
0,1
A,Φ = N˜
0,1
A,Φ. Each (Nk)
0,1
A,Φ is an elliptic pseudodiffer-
ential operator of order −1, with symbol as given in Step 2. Therefore, P is an
elliptic pseudodifferential operator of order −1, moreover, it is a Fredholm operator
from Hs(W0 ⊕W1) into H
s+1(W0 ⊕W1). We introduce the restriction operator
rM : H
s(W0 ⊕W1) → H
s(M0 ⊕M1) which is bounded and surjective. From the
fact that φ1
∣∣
M
≡ 1, we know that rMP (h) = rM N˜
0,1
A,Φ(φ1h). This shows that the
following operator
rM N˜
0,1
A,Φ(φ1·) : C
∞(W0 ⊕W1,C
n)→ C∞(M0 ⊕M1,C
n).
is a continuous linear map between the above Fre´chet spaces. In order to show it’s
surjective it is sufficient to show its adjoint is injective, and its range is weak∗ closed
[32, Theorem 37.2]. Let h ∈ C∞(W0 ⊕W1,C
n) and u ∈ D′(M0 ⊕M1). We employ
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i
M˜ int
to denote the usual inclusion mapping from Sobolev spaces of M0 ⊕M1 into
Sobolev spaces of M˜ int0 ⊕ M˜
int
1 .〈(
rM N˜
0,1
A,Φ(φ1·)
)∗
u, h
〉
W
=
〈
u,
(
rM N˜
0,1
A,Φ
)
φ1h
〉
M
=
〈
u,
(
rMφ1N˜
0,1
A,Φ
)
φ1h
〉
M
=
〈
i
M˜ int
u, φ1N˜
0,1
A,Φφ1h
〉
W
=
〈
φ1N˜
0,1
A,Φφ1iM˜ intu, h
〉
W
.
Also, 〈(
rM N˜
0,1
A,Φ(φ1·)
)∗
u, h
〉
W
=
〈
u,
(
rM N˜
0,1
A,Φ
)
φ1h
〉
M
= 〈u, rMPh〉M
=
〈
Pi
M˜ int
u, h
〉
W
.
Since these equalities hold for all h ∈ C∞(W0 ⊕W1,C
n) we conclude that(
rM N˜
0,1
A,Φ(φ1·)
)∗
= φ1N˜
0,1
A,Φφ1iM˜ int = P
∣∣
D′(M0⊕M1)
.
Now suppose
(
rM N˜
0,1
A,Φ(φ1·)
)∗
u = 0. Therefore, φ1N˜
0,1
A,Φφ1iM˜ intu = 0. By ellip-
ticity we deduce that u is smooth on a slightly bigger set than M , and since it is
supported in M , we have that i
M˜ int
u is smooth and compactly supported. Also,
0 = φ1N˜
0,1
A,Φφ1iM˜ intu implies, I˜
0,1
A,Φφ1iM˜ intu = 0. Hence, u ≡ 0 by Step 1.
It remains to show (rM N˜
0,1
A,Φ(φ1·))
∗ = P
∣∣
D′(M0⊕M1)
has weak∗ closed range.
This will follow once we show that the range of P
∣∣
D′(M0⊕M1)
is weak∗ closed
in Hs(W0 ⊕ W1) for each s ∈ R. This will hold iff the range of P
∣∣
D′(M0⊕M1)
intersected with the unit ball of Hs(W0 ⊕ W1) is weak
∗ closed [5, Corollary 3,
IV.25]. Suppose Pu lies in the above intersection where u ∈ D′(M0 ⊕M1). Since
P : Hs−1(W0 ⊕ W1) → H
s(W0 ⊕ W1) the Bounded Inverse Theorem implies
‖u‖Hs−1 ≤ C ‖Pu‖Hs ≤ C, where C > 0. Denote the set of all such u ∈
D′(M0⊕M1) by J . Then J is weak
∗ compact in D′(M0⊕M1), and P (J) intersected
with the unit ball of Hs(W0 ⊕W1) will be weak
∗ compact, and thus weak∗ closed.
Step 4. Finally, given h′ ∈ C∞(M0 ⊕ M1,C
n), from Step 3 we can find h ∈
C∞(W0⊕W1,C
n) such that rM N˜
0,1
A,Φ(φ1h) = h
′. Therefore, φ1h maps to h
′, and is
compactly supported in M˜ int0 ⊕ M˜
int
1 , as required. 
Proposition 4.5. For given f ∈ Ωm and η ∈ Ωm+1, there is u ∈ C
∞(SM,Cn)
such that (Gµ + A+Φ)u = 0 and um = f , um+1 = η.
Proof. Fix a non-vanishing h ∈ Ω1. As before, consider the unitary connection
Ah = −h
−1Xh Id and skew-Hermitian Higgs field Φλ = −iλ Id satisfying
−h−1Gµh Id = Ah + Φλ.
RANGE OF THE ATTENUATED MAGNETIC RAY TRANSFORM 15
Note that for any a ∈ C∞(SM,Cn) the following holds
(Gµ +A+Φ−mAh −mΦλ)a = −h
−m((Gµ +A+Φ)(h
ma)). (11)
By Proposition 4.2 there exists a ∈ C∞(SM,Cn) such that
(Gµ +A+Φ−mAh −mΦλ)a = 0
and a0 = h
−mf , a1 = h
−mη. Set u := hma, then clearly um = f and um+1 = η.
By equality (11), we have (Gµ +A+Φ)u = 0, which finishes the proof. 
Proof of Theorem 4.1. Let ω be a smooth Cn-valued 1-form on M and let f ∈
C∞(M,Cn). By Proposition 4.5, there exist u, u′ ∈ C∞(SM,Cn) such that{
(Gµ +A+Φ)u = 0,
u−1 = ω−1, u0 = f,
and
{
(Gµ +A+Φ)u
′ = 0,
u′0 = f, u
′
1 = ω1.
Consider w ∈ C∞(SM,Cn) defined as
w :=
−1∑
k=−∞
uk +
∞∑
k=1
u′k + f.
It is clear that w0 = f and w−1 + w1 = ω−1 + ω1 = ω. Introduce the operators
µ± = η± +A±1. Then X +A = µ− + µ+. It is easy to check that
(Gµ +A+Φ)w = 0.
In particular, we have
µ+w−1 + µ−w1 +Φw0 = 0. (12)
By [23, Lemma 6.2], this is equivalent to our assumption d∗Aω = 2Φf . Solu-
tions of the transport equation are unique once boundary data is specified, there-
fore, w
∣∣
∂+SM
satisfies the requirement of our theorem. Conversely, given w ∈
S∞A,Φ(∂+(SM),C
n) such that (I0A,Φ)
∗(w) = f and (I1A,Φ)
∗(w) = ω, then, in partic-
ular, (12) must hold, which implies d∗Aω = 2Φf . 
4.2. Addendum on the Symbol Computation. Here we provide some details
regarding the computation of the principal symbol in Lemma 4.3. Let [f, η] ∈
EM˜0 ⊕ E
M˜
1 . Let {e1, e2} be a local orthonormal frame for the tangent bundle with
dual frame {ǫ1, ǫ2}. Suppose
η = ηǫ1ǫ1 + ηǫ2ǫ2.
Then
V (η) = −ηǫ1ǫ2 + ηǫ2ǫ1.
And,
η1 =
1
2
(η − iV (η))
=
1
2
(ηǫ1ǫ1 + ηǫ2ǫ2 + iηǫ1ǫ2 − iηǫ2ǫ1)
=
1
2
(ηǫ1 − iηǫ2)(ǫ1 + iǫ2).
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η−1 =
1
2
(η + iV (η))
=
1
2
(ηǫ1ǫ1 + ηǫ2ǫ2 − iηǫ1ǫ2 + iηǫ2ǫ1)
=
1
2
(ηǫ1 + iηǫ2)(ǫ1 − iǫ2).
Thus,
η ≡ η1 ⇔ ηǫ1 = −iηǫ2 (13)
Now our operator is as follows N˜0,1A,Φ : E
M˜
0 ⊕ E
M˜
1 → E
M˜
0 ⊕ E
M˜
1 and as introduced
previously we’ll employ the notation
N˜0,1A,Φ[f, η] =
[
N˜00A,Φf + N˜
01
A,Φη, N˜
10
A,Φf + N˜
11
A,Φη
]
.
Note that since we are working on a surface a 1-form will locally be represented by
two functions, however, 1-forms constrained to lie in EM˜1 will locally be represented
by only one function, thanks to (13). Below we use
I˜
(+1)
A,Φ := I˜A,Φ
∣∣
EM˜
1
and I˜
(0)
A,Φ := I˜A,Φ
∣∣
EM˜
0
.
This notation is only used in this section. We also write ϕx,v(t) = ϕ
e1
x,v(t)e1 +
ϕe2x,v(t)e2. Recall also that U˜A,Φ is the unique matrix solution to
(Gµ +A+Φ)U˜A,Φ = 0 in SM˜, U˜A,Φ
∣∣
∂+(SM˜)
= Id .
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(
N˜00A,Φf
)
(x) :=
(
(I˜
(0)
A,Φ)
∗I˜
(0)
A,Φf
)
(x)
=
∫
SxM˜
U˜A,Φ(x, v)
∫ τ+(x,v)
τ−(x,v)
U˜−1A,Φ (ϕx,v(t)) f(ϕx,v(t))dtdSx(v)(
N˜01A,Φη
)
(x) :=
(
(I˜
(0)
A,Φ)
∗I˜
(+1)
A,Φ η
)
(x)
=
∫
SxM˜
U˜A,Φ(x, v)
×
∫ τ+(x,v)
τ−(x,v)
U˜−1A,Φ (ϕx,v(t))
(
ηǫ1(ϕx,v(t))ϕ
e1
x,v(t)
)
dtdSx(v)
+
∫
SxM˜
U˜A,Φ(x, v)
×
∫ τ+(x,v)
τ−(x,v)
U˜−1A,Φ (ϕx,v(t))
(
iηǫ1(ϕx,v(t))ϕ
e2
x,v(t)
)
dtdSx(v)(
N˜10A,Φf
)
(x) :=
(
(I˜
(+1)
A,Φ )
∗I˜
(0)
A,Φf
)
(x)
=
∫
SxM˜
1
2
(ve1 − ive2) U˜A,Φ(x, v)
×
∫ τ+(x,v)
τ−(x,v)
U˜−1A,Φ (ϕx,v(t)) f(ϕx,v(t))dtdSx(v)(
N˜11A,Φη
)
(x) :=
(
(I˜
(+1)
A,Φ )
∗I˜
(+1)
A,Φ η
)
(x)
=
∫
SxM˜
1
2
(ve1 − ive2) U˜A,Φ(x, v)
×
∫ τ+(x,v)
τ−(x,v)
U˜−1A,Φ (ϕx,v(t))
(
ηǫ1(ϕx,v(t))ϕ
e1
x,v(t)
)
dtdSx(v)
+
∫
SxM˜
1
2
(ve1 − ive2) U˜A,Φ(x, v)
×
∫ τ+(x,v)
τ−(x,v)
U˜−1A,Φ (ϕx,v(t))
(
iηǫ1(ϕx,v(t))ϕ
e2
x,v(t)
)
dtdSx(v)
Using [6, Lemma B.1] we see that N˜0,1A,Φ is a pseudodifferential operator in M˜
int
of order −1. (The lemma is stated for operators acting on scalar-valued functions,
however, the proof of the lemma works for vector-valued functions as well [30].) In
addition, the lemma guarantees that the principal symbol of each of the above oper-
ators is given by linear combinations of the principal symbols of the corresponding
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(unattenuated) operators which appear in [6, Proposition 7.2]. In particular,
σP
(
N˜00A,Φ
)
(x, ξ) = diag
{
C
1
|ξ|
}
,
σP
(
N˜01A,Φ
)
(x, ξ) = diag {0} ,
σP
(
N˜10A,Φ
)
(x, ξ) = diag {0} ,
σP
(
N˜11A,Φ
)
(x, ξ)
= diag
{
C
2
(
1
|ξ|
−
ξǫ1ξǫ1
|ξ|3
)
−
iC
2
(
ξǫ2ξǫ1
|ξ|3
)
+
iC
2
(
ξǫ1ξǫ2
|ξ|3
)
+
C
2
(
1
|ξ|
−
ξǫ2ξǫ2
|ξ|3
)}
= diag
{
C
2
1
|ξ|
}
.
where C > 0. To explain this a little more thoroughly consider the formula for(
N˜00A,Φf
)
(x) given above. Essentially we are integrating a vector valued function
f(ϕx,v(t)) against a matrix
B(x, v, t) := U˜A,Φ(x, v)U˜
−1
A,Φ (ϕx,v(t)) .
[6, Lemma B.1] states that we can compute the principal symbol by integrating the
matrix B(x, v, t)
∣∣
t=0
against a certain function specified in the lemma. Now
B(x, v, t)
∣∣
t=0
= U˜A,Φ(x, v)U˜
−1
A,Φ (ϕx,v(0))
= U˜A,Φ(x, v)U˜
−1
A,Φ (x, v)
= Id
Therefore, the presence of the attenuation cancels in the symbol computation, and
the formula for the principal symbol given above now follows for exactly the same
reasons as in the unattenuated case in [6]. Similar reasoning applies to the other
operators
(
N˜01A,Φη
)
etc. above. The explicit formulas for the principal symbols are
written down in [6, Proposition 7.2].
Note that the fact that the symbols are independent of the attenuation depends
upon the attenuation being unitary. Otherwise the matrix
(
U˜−1A,Φ
)∗
would occur
inside the integrals, and this would not cancel upon application of [6, Lemma B.1].
5. Proof of Theorem 2.1
Let w♯ be any smooth solution of the transport equation Gµw
♯+(A+Φ)w♯ = 0.
Applying (4) to w♯ we get
−(Gµ +A+Φ)Hw
♯ = (X⊥ + ⋆A)w
♯
0 + (X⊥w
♯ + ⋆Aw♯)0.
Since X⊥f = ⋆df for f ∈ Ω0 we have
(X⊥ + ⋆A)w
♯
0 = ⋆dAw
♯
0.
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Since X⊥ = i(η− − η+) and ⋆(A−1 +A1) = i(A−1 −A1) we obtain
(X⊥w
♯ + ⋆Aw♯)0 = i(η−w
♯
1 − η+w
♯
−1) + i(A−1w
♯
1 −A1w
♯
−1) = i(µ−w
♯
1 − µ+w
♯
−1)
where µ± = η± +A±1. According to [23, Lemma 6.2] the following holds
⋆dAα = 2i(µ−α1 − µ+α−1).
Collecting everything together and using (8) & (9) we have
−2π(Gµ +A+Φ)Hw
♯ = 2π ⋆ dAw
♯
0 + π ⋆ dA(w
♯
−1 + w
♯
1).
Applying IA,Φ to the above equality we obtain
− 2πPA,Φ = I
0
A,Φ ⋆ dA(I
1
A,Φ)
∗ + I1A,Φ ⋆ dA(I
0
A,Φ)
∗. (14)
We also need the following result whose proof is postponed until after the proof
of Theorem 2.1.
Lemma 5.1. Let (M, g) be a Riemannian disk, A a unitary connection and Φ a
skew-Hermitian Higgs field.
(a) Let α be a smooth Cn-valued 1-form. Then there exist functions a, p ∈
C∞(M,Cn) and η ∈ HA such that p
∣∣
∂M
= 0 and dAp+ ⋆dAa+ η = α.
(b) Given f, a ∈ C∞(M,Cn) there is a smooth Cn-valued 1-form β with ⋆dA β =
f and d∗Aβ = Φa.
Proof of Theorem 2.1. Suppose that u = PA,Φw + I
1
A,Φη for η ∈ HA, then (14)
shows that u belongs to the range of I0A,Φ+I
1
A,Φ. Conversely, suppose u = I
0
A,Φ(f)+
I1A,Φ(w) for some smooth C
n-valued function f and 1-form w on M . By item (a) of
Lemma 5.1 we can find a, p ∈ C∞(M,Cn) with p
∣∣
∂M
= 0 and η ∈ HA such that
dAp+ ⋆dAa+ η = w.
Since IA,Φ(dAp + Φp) = 0, we have u = I
1
A,Φ(η) + I
1
A,Φ(⋆dAa) + I
0
A,Φ(f − Φp). By
item (b) of Lemma 5.1 we can find Cn-valued 1-form β such that ⋆dAβ = f − Φp
and d∗Aβ = 2Φa. Therefore we obtain u = I
1
A,Φ(η) + I
1
A,Φ(⋆dAa) + I
0
A,Φ(⋆dAβ).
By Theorem 4.1 there is w ∈ S∞A,Φ(∂+SM,C
n) such that (I1A,Φ)
∗(w) = β and
(I0A,Φ)
∗(w) = a. Using (14) we conclude that u = I1A,Φ(η)− 2πPA,Φ(w). 
Item (a) of Lemma 5.1 was proved in [23, Lemma 6.1-(1)]. To prove item (b) of
Lemma 5.1, consider the Laplacian corresponding to dA
−∆A = d
∗
AdA + dAd
∗
A.
This operator acts on Cn-valued graded forms and maps k-forms to k-forms. The
following result directly implies item (b) of Lemma 5.1.
Lemma 5.2. Given f, a ∈ C∞(M,Cn) there is a smooth Cn-valued 1-form β with
d∗Aβ = f and dAβ = Φa dVolg.
Proof. The proof is essentially identical to the proof of [23, Lemma 6.6]. Look for β
of the form β = dAu
0 + d∗Au
2 where u0, u2 are smooth forms. Then we need u0, u2
to satisfy
d∗AdAu
0 + (FA)
∗u2 = f, FAu
0 + dAd
∗
Au
2 = Φa dVolg,
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where FA = dA ◦ dA = dA + A ∧ A is the curvature of dA. Writing u = u
0 + u2,
these equations are equivalent to
(−∆A +R)u = f +Φa dVolg,
for some operator R of order 0. Then [23, Lemma 6.5] implies the existence of a
smooth solution u, hence the existence of the desired β. 
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